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present the mathematical steps using mathematical notations and not calculator commands.
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Section A: Pure Mathematics [40 marksj]

1  Use the substitution z = vx+ 2 to find f X dx.

x+2
ML—D:K %’&:Ju
1
ne-1
b
f m (29) dut

= .’l[,‘f..)u tC
2

\1

G
2
3 (¥ -4t tC y
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2 A cylindrical container has a base of arca 0.9 m? and height ~#m. Water is poured into the container at
the rate of k litres per second. The container is filled in 72 seconds.

[1m® = 1000 litres] k(L)
(a) Show that k= 12.5h. { 1]
\/Q \‘. O\%lll W\3

= 400w 1

wte= k = fig% = 12-5h

The container is emptied. Water is now poured into the container at the rate of A litres per second,
where ¢ is the time in seconds from when pouring begins.

(b) Find the time taken to fill the container. [3]
AV oy
At
= 5h t

V= %ﬁ‘ht”—w
-0 yVeO .. =0

Ve 2"
”;ooln=‘%5ln -

=Ry 7 t20
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The container is emptied again. Water is now poured into the container at the rate of (k¢4 25) litres per
second, where ¢ is the time in seconds from when pouring begins. The container is filled in 10 seconds.

(¢) Find the height of the container, A. (3]

AV _ s
o

= 15ht 25
Ve 22htta5t 4 C
t=0, Ve0 = (=0
400l = 6250 + 3D

dtsh = 260

(0
=

J

where transFormAtion begins®
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3 The complex numbers z,, z, and z, are such that z, =3 —iv3, 22 = %e

6

(a) Find exactly the modulus and argument of z.

s = 212

= Llm

2

= Jz

(Mv3 2= av3%L+ WJél
. 211
5 [A
_ ot
3D

(b) Sketch an Argand diagram showing z,, z, and z,.
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(¢) Find the smallest positive integer value of # for which z,”

is purely imaginary. State the modulus

and argument of z," in this case, giving the modulus in the form kv/3, where k is an integer.  [4]

-\
nh v
%3 = (E e&?)

o A
:(E) Cgo
porely ey inary ?- LIL me
pe 15[emt)
T

whan me3 0= 15

modn Int (’3)6

= 3*5
= )R S k=Rt
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4 (a) Write in partial fractions. [2]

9r% +3r—

( A B

Brpfrm) 3 2

\ A
—_— 5:’5

A= "3

I _ [ B
Q243 -L 3(3)  30re)

3Im

b) Find an expression in terms of m for ————— . Write your answer as a single fraction in
®) P Z<9r2 +3r—2) Y s

I [4]

= Z 3ytl
%m A *42r-2 rem 3(5("3 20 )

r=m
terms of m.

"
wel—

(
4 S S
%L

\ fl _ {
= 3( Am—1  9mt2

_\_( ImtL — 3mti )
21 (ama) (3m-)

- 1 bmtd

3 [@mt2)(3m-1)
- Imtl

Ginty) (3er-1)
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() Find Z(m) =32 3 et I
r= r=1
. N T
=3 |27t
I N AR
I A D
. L
= T,

(d) Find the smallest value of » for which Z(m) differs from Z(m) by less
ro+3r— r+3r

than 0.004. " | (2]
) —
n |6 ‘,Z_— Gy 3 -L
>3 | 0.00%0|
3% | 00028t
S n= 3—?

Math
Tuition

where transFormAtion begins®
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Solution served as a suggestion only
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T y=roh

[
\ 0 )

The diagram shows part of the circle x4y’ = #* and the line y = r—h, where 0 < & < r. The shaded
region between the circle and the line is rotated about the y-axis to form a solid, which is called a
spherical cap. The height of the spherical cap is A.

(a) Show by integration that the volume of the spherical cap is %nhz (Br—nh). [5]

V- jr“ X iy

Y-h

2.3 3 L3 2 _ 1,3
=1 r —-r 4 + - 4+ vh — S
3 , 3 v zh
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An ornament is made from a solid sphere of radius 15cm by removing two spherical caps, one of
height pcm from the top of the sphere and the other of height 3pem from the bottom of the sphere. The
plane faces of the ornament are parallel (see diagram). The volume of the ornament, shown shaded, is
34021 cm’,

[Itis given that the volume of a sphere of radius 7 is %nr3 N

(b) Find the cubic equation satisfied by p, and hence find the value of D. [4]
TUP CaP : %3'“ ‘)l(&/— T)
2 —
Bt (a‘)i l'3‘(1 (‘3|9) (zr-—%?> = q-nr” (Y P>
Vol: (5) - 30p* (45-p)- duf (19-p) = 3402
13500 — r‘(ﬂ-p) — atp’(1s-p) = |00k
— 45§ 4 r3— 4osp> + 1t =-2294
}2[} ~45\)r‘ 13294 = ©

?:lg.'sg, 3 ) ’J",S‘S

Y "
o<f<6
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5 [Continued]
A different ornament is made by making two parallel cuts to another sphere of radius 15cm.
*  The volume of this second ornament is less than the volume of the ornament in part (b).

*  The top face of this second ornament has the same radius as the top face of the ornament in part (
*  The bottom face of this second ornament has the same radius as the bottom face of the orna

in part (b).

(¢) Find the volume of this second ornament. Give your answer as an exact multiple of 7.
{r 2 Lo (3v=-
A Vit 5163 (3v-3p) — 57p (3= 9)
ls'ﬁ [91 (45-4) — q65-2)

gubm

1

\\!
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Section B: Probability and Statistics [60 marks]

6  Anil and Babs are playing a game in which they take turns to throw a fair six-sided die. The winner
is the first player to throw the same number as the other player has thrown immediately before. Anil
throws first.

(a) Find exactly the probability that Anil wins the game. [3]
ARA + RBABA + RBABABA

Pty = (DAL + (EER)D 1 OSEE) (5)3)E)
ORI R IR
(

i ( E (—'%Y)

"

(b) Given that Babs wins the game, find exactly the probability that she wins on her second throw.

4 [3]
Poby Bakg time © -7 =
ABR B
Prot: (N5 )Y = 22
Bhe yac

5 Reg b T T Ay
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7 Alarge company is organised into 4 departments: Administration, Production, Marketing and Staffing.
(a) The company owner wishes to find out about the qualifications of the employees in Staffing, so

she gives a questionnaire to all 75 employees in this department. She receives replies from 53 of
these employees. Explain whether these 53 employees form a population or a sample. [1]

Thare 53 ewx?hww Tore o \qule al 'Huj ave_ )wrfrf
e Po‘wkﬁ'm dhe vithgg fo find ont ol cr/m)jﬁco&lov\

(b) The company owner also wishes to investigate the views of employees about the refreshment
facilities but does not have time to ask every employee. Explain how she should carry out her
investigation, and why she should do the investigation in this way. [2]

Cle clowld colest eumployeet dom gack  departnt in [)WFMM %

de Sige of fuet dogortwarf o nort foa Keedback- {'air\j nepresents
. lougzd

de whole. “M?"ﬂﬁ‘ For Wv\e,, r( Tro dueten hat  wove U“(’”W

Wd e elw?lo\ WA
fhoa  Adwimgivwton fhan wwe Peor\,t dnd e @ ‘(

b, cluogen K”
Wetin - eada dxpav&mur\' | T w\qm chokd ¢

et - .
o duction gl cace £ Vi gelested.

ndom 0o Aot @04 oac 02

J
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The company operates with a system of Team Leaders. There are 7 Team Leaders in Administration, 6
in Production, 4 in Marketing and 3 in Staffing.

(¢) Find the number of ways in which a working party of 8 Team Leaders can be formed so that there

is at least one Team Leader from each of the 4 departments AND there are more Team Leaders
from Administration in the working party than from any other single department. [5]

() s, 1,0, |

4.3 -
e, ¢ ey Te =9I
@ 400 3
T, b, B e TGRS TR

= (3004 3780+ 2520

= (2b60VL

> 3,2,2,) 6

2 .06, 4. 3 q.c
}cgeLqCL T €3 L 27 %

= qUus0 + 6300 + 380
= (4520

Tokall : 3364 L

¥, 3
C\ ¢, Cz

Solution served as a suggestion only
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X~N(p, g% and Y ~N(s, ). Write
bY, where a and b are

(2]

16

dom variables X and Y are such that

8 (a) The independent ran
for the distribution of the random variable aX—

down an expression

constants. QX"’ N (0\]’ ' az 4/73
Y~ H{bs, 1)
aX- by~ N( ap-bs 08+ iﬁb‘)

(b) The random variable ¥ is normally distributed with standard deviation 2. The probability that
¥ > 8 is equal to the probability that V' < 4.

) Draw a sketch to show the distribution of ¥, including the main features of the curve. [2]

{
N f’o‘o dﬂﬂﬁ‘tj
pe

Wiz
(T,
0
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(i) On your sketch, shade the area represented by P (¥ > 10) and state its value. [2]

P(Vo0) = 0.0238

(¢) The random variable W is such that W ~ B(8, p). The mean of W is 1.2 times the variance of .
Find P(W < 2).

[3]
G(WB = 8? Vov (W) < QP((—F>
= 1=(-p)ir
T =bp
. F: -—é
P(wea) = p(wey)

= 0.60H
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9 A game is played using a counter on a board.

e The counter starts from a point S at the bottom of the board and moves upwards (see diagram).

e When leaving S the counter is equally likely to move up to the left to junction L or up to the right to
junction R.

« At every junction after S, the counter moves up to the left with probability p or up to the right with
probability g, where p+q = 1.

e The counter eventually arrives at one of the endpoints A, B, C, D, EorF.

(a) Show that the probability the counter arrives at B is 2p3q + %p4. [2]
AN 1
bz A0 TP
- 144 ph
= 9pq Ty

Jon and Kath each play this game, and their counters both arrive at B.

(b) Find, interms ofp, a simplified fraction for the probability that Jon’s and Kath’s counters followed

exactly the same route. (4]
T, e L o fret rp 19, Ten ke B onfest ctgp : 3 p¥
[ 3\t Ton ¥ kodth Come ;L oF
o T ke Kuth conie voafe 4(7—F ”D 7

HU/\(& "h)f’*L ‘Jm\m\hl\ij Jow SL Kp&b\ e Péﬁlz_" él} FP
Res ¥ b= ,M:.fi[q}.fﬁflj - i{"f‘fz ) 40’[))7—‘(_1)1_
Ul’ ro Gf}‘),lf "LI’*)" rc [‘)1+15le (41/+ f)L - (4——51))2

- 4- ge¢5zz
(4—-3r)" 2
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where transFormAtion begins®
—

The probability that a counter arrives at B is the same as the probability that a counter arrives at C.

(c) Find the value of p. X
leg avvie it C %(4%[;&7/1)* 7{(46“,1@)
= 3f2ﬂ,2+ D_ng/
. 3121’2_‘_ "’lr;‘I/ :;fsﬂ/_‘_JiTLt
byt > 5
by = f
b (I—lf—krz)= f?'

5F°’-— !2,)1— b=o

T

\/

1 . ?.](0

pelgq g o-tlo
"
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10 Adriana is investigating how the prices of used cars depend on the distances the cars have been driven.
She collects some information from a UK website about 7 cars, all of the same make and model. This is
given in the table below; the distance, d, is in miles and the price, p, is in pounds sterling.

(d—14588 Tgose | 24030 | 37551 | 45452 30100 [ N\055””
p

i ) S e
| 12450 | 15200 | 11900 | 10700 | 10600 | 10900 \/;zf%sq\\

A scatter diagram for the data is shown below.

25000+

20000

Price in . 15000 %
pounds sterling »

10000

5000
0 10000 20000 30000 40000 50000

Distance in miles

0

The product moment correlation coefficient between d and p is —0.78.

(a) What conclusion should Adriana reach about the relationship between d and p? Justify your

answer. [2]

non— (e~

(b) Explain whether the product moment correlation coefficient would differ if Adriana converted the
distances to kilometres and the prices to Singapore dollars.

[1 mile = 1.6 kilometres; 1 pound sterling = 1.7 Singapore dollars] (1]

No A

| © UCLES & MOE 2022 % 9758/02/0/N/22
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Adriana checks the original information. She realises that the car with d = 5055 and p = 22500 was a
special version of the model, with a bigger engine and many extra features.

(¢) Explain why the data relating to this special car should not be used in any analysis of the data. [1]

Not Comna 0pec ; gutlien

In the rest of this question you should not include the data for this special car.

(d) Using a reciprocal transformation, sketch a scatter diagram for p against

0 dOOO. Draw, by eye, a

line of best fit on your scatter diagram. [2]

P 1

—_—

¥5 000 +

R SRVVADE

1

(5000 A

[voo0 +

0Qb-

» (Q00CD
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10 [Continued]
diagram in part (d) the distances which are used in drawing the least squares

regression line of p-on 10 dOOO . Explain why these distances are squared, and why this is referred
(3]

to as the ‘method of least squares’.

Quwx Qq fn olictonces way he mzﬂﬂﬁw,) A QhW\er\Lj
'H/\W\ VV\c‘aj SNL M vONQows regukk L

(¢) Show on the scatter

Tre tmalleot equaet of fhete deetoces ol gue fae bast
e ooy MM\W“W\ Yone dut & efored oo Aog watnok

0‘¥ lenst (YVAMV(A

cast squares regression line of p on 100 dOOO and
3]

() Use your calculator to find the equation of the ]

the value of the corresponding product moment correlation coefficient.

P- 509-%3("”‘;5‘7 + 2398 1

506000 ( > + 400

r=0-9¢679
~ 0-48F
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(8 Use your equation to estimate the price of a car of this make and model that has travelled

5055 miles. Explain whether you would expect this estimate to be reliable. 2]
0000 .
po 506.33 (120202 ) 9398 1
5055

_ |4 503029

~ 19400

No . capdertion
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11 Zhou and Tan are both keen amateur swimmers, and several times each week they compete against
each other to see who can swim 100 metres freestyle in the shortest time. Over a long period, Zhou’s
times, in seconds, have followed the distribution N(80, 22) and Tan’s the distribution N(79, 32). It is

assumed that these two distributions are independent.

24

(a) Find the probability that Zhou wins a randomly chosen race. [3]

‘(’,’? X dovote Ehou'c 'hvmv\\j XNN(QG,f)
lot T dewtte Tow's ann?ﬂ \INN(M,Z?)
Y=Y ~ N (1, 13)

p(x<Y)= P(x~Y<0)
.290 1
2 039

1A

(\

Tan moves abroad for 2 years so the regular races are suspended. Zhou starts an exercise regime that he
believes will reduce his times. After he has been exercising for a year, he records his time, x seconds,
for a random sample of swims. These times are summarised below.

n =130 Y x =2376.3 T x® = 188653.7
(b) Calculate unbiased estimates of the population mean and variance for Zhou’s times after his
exercise regime. [2]
= 2202 =g v ML
2D
03
1316-
0* = — (1886533 — 2
29

43233
Al g

vl
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(c) State hypotheses that can be used to test if Zhou’s times have reduced, defining any symbols
you use. Work out the test statistic in this case, and use it to carry out the test at the 5% level of
significance, giving your conclusion in the context of the question. [5]

NV\U \AquH/Q(\f - Hy M=) R Folmlaﬂm WA,
Alt V\j)ﬁb«m - H o< (lett taled test (@ 5% \w\oh@

idor T, K N(&v,—i—(}—)
Tost thhete : 2= o~ (o)

_ 34.u-9

l/m
=~ 21635

p(2<- 2(635)=D-0152

- Ry Hy at 5%, lowl 0€Q‘L)A|€MM(Z ok conclude
Moot Poou'e g 1 roduneed] .
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26
11 [Continued]
While he is away, Tan switches to a high protein diet and wonders whether this will affect the times he

takes for his swims. After a year Tan decides to test, at the 2.5% level of significance, whether his mean

time has changed. He records a random sample of 6 times and calculates the mean of these times.

(d) Explain whether Tan should use a 1-tail or a 2-tail test. [1]

D dnd ot o e wout fo feat \{ fove

1¢ o c)/\m?o,

(¢) Tan makes two assumptions and is then able to carry out his test. State these two assumptions. [2]

@ H(S éc/U;ofou QMW\PIQ, fo\lov\) vmvw\ak o{(sﬂ'wbwkw\&.

@ (v SMW‘F’W) Ware  faken or e Cane OU{\lj

J

where transFormAtion begins®
—

Solution served as a suggestion only
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